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POSITION AND MOMENTUM TOMOGRAPHY
JUKKA KIUKAS, PEKKA LAHTI, AND JUSSI SCHULTZ
Abstrat. We illustrate the use of the statistial method of moments for determining the
position and momentum distributions of a quantum objet from the statistis of a single mea-
surement. The method is used for three dierent, though related, models; the sequential
measurement model, the Arthurs-Kelly model and the eight-port homodyne detetion model.
In eah ase, the method of moments gives the position and momentum distribution for a large
lass of initial states, the relevant ondition being the exponential boundedness of the distribu-
tions.
PACS numbers: 03.65.-w, 03.67.-a
1. Introdution
One of the main problems of quantum mehanis deals with the possibility of measuring
together the position and momentum distributions ρQ and ρP of a quantum system prepared in a
state ρ. The basi strutures of quantum mehanis ditate that there is no (joint) measurement
whih would diretly give both the position and momentum distributions and that, for instane,
any determination of the position distribution ρQ neessarily disturbs the system suh that the
initial momentum distribution ρP gets drastially hanged.
In reent years two important steps have been taken in solving this problem. First of all,
the original ideas of Heisenberg [10℄ have nally been brought to a suessful end with the
seminal paper of Werner [33℄ whih gives operationally feasible neessary and suient on-
ditions for a measurement to serve as an approximate joint measurement of the position and
momentum distributions, inluding also the inauray-disturbane aspet of the problem. The
seond breakthrough in studying this question omes from a reonstrution of the state ρ from
a single informationally omplete measurement, notably realized optially by an eight-port
homydyne detetion [20℄, [21, p.147-155℄ (for a rigorous quantum mehanial treatment, see
[15℄). In onjuntion with an expliit state reonstrution formula (known at least for the
Husimi-distribution [7℄), this allows one to immediately determine the distributions of any
given observables.
If one is only interested in determining the position and momentum distributions ρQ and ρP,
it is obviously unneessary to reonstrut the entire state; one should be able to do this with
less information. Here we will use the statistial method of moments to ahieve a sheme for
position and momentum tomography, i.e. the reonstrution of the position and momentum
distributions from the measured statistis. The prie for using moments is, of ourse, that they
do not exist for all states, and even when they do, they typially do not determine the distri-
bution uniquely. Hene, we restrit here to the states for whih the position and momentum
distributions are exponentially bounded. We note that this is an operational ondition and
an, in priniple, be tested for a given moment sequene [19℄.
We onsider three dierent, though related, measurement shemes based on the von Neumann
model, Set. 3.1, and the balaned homodyne detetion tehni, Set. 4.3. The rst model
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is a sequential measurement of a standard position measurement of the von Neumann type
[30℄ followed by any momentum measurement, Set. 4.1. The seond (Set. 4.2) builds on
the Arthurs-Kelly model [2℄ as developed further by Bush [4℄ whereas the third (Set. 4.3)
model uses the quantum optial realizations of position and momentum as the orresponding
quadrature observables of a (single mode) signal eld implemented by balaned homodyne
detetion [14℄. In Set. 5 we apply the method of moments to determine both the position and
momentum distributions ρQ and ρP from the atually measured statistis. Finally, we ompare
our method with the state reonstution method, Set. 6. There we also omment briey the
possibility of inverting onvolutions. We begin, however, with quoting the basi no-go results
on the position-momentum joint/sequential measurements.
2. No joint measurements
There are many formulations of the basi fat that position and momentum of a quantum
objet annot be measured jointly, or, equivalently, that, say, any position measurement `de-
stroys' all the information on the momentum prior to the measurement. In this setion we
reall one of the most striking formulations of this fat. To do that we x rst some notations.
Let H be a omplex separable Hilbert spae and L(H) the set of bounded operators on H.
Let Ω be a nonempty set and A a σ-algebra of subsets of Ω. The set funtion E : A → L(H)
is a semispetral measure, or normalized positive operator measure, POM, for short, if the set
funtion A ∋ X 7→ 〈ψ|E(X)ψ〉 ∈ C is a probability measure for eah ψ ∈ H1, the set of unit
vetors ofH. We denote this probability measure by pEψ . A semispetral measure E is a spetral
measure if it is projetion valued, that is, all the operators E(X), X ∈ A, are projetions. If H
is the Hilbert spae of a quantum system, then the observables of the system are represented by
semispetral measures E and the numbers 〈ψ|E(X)ψ〉, X ∈ A, ψ ∈ H1, are the measurement
outome probabilities for E in a vetor state ψ. An observable is alled sharp if it is represented
by a spetral measure. Otherwise, we all it unsharp. Here we onsider only the ases where
the measurement outomes are real numbers, that is, (Ω,A) is the real Borel spae (R,B(R)),
or, pairs of real numbers, in whih ase (Ω,A) is (R2,B(R2)). The position and momentum
distributions ρQ and ρP are just the probability measures pQρ and p
P
ρ dened by Q and P together
with a density matrix (mixed state) ρ.
An observable M : B(R2)→ L(H) has two marginal observables M1 and M2 dened by the
onditionsM1(X) =M(X×R) andM2(Y ) = M(R×Y ) for allX, Y ∈ B(R). Any measurement
of M onstitutes a joint measurement of M1 and M2. On the other hand, any two observables
E1 and E2 admit a joint measurement (or equivalently a sequential joint measurement) if there
is an observable (on the produt value spae) M : B(R2) → L(H) suh that E1 = M1 and
E2 = M2. The following result is ruial:
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Lemma 1. Let M : B(R2)→ L(H) be a semispetral measure, suh that one of the marginals
is a spetral measure. Then, for any X, Y ∈ B(R), M1(X)M2(Y ) = M2(Y )M1(X), that is,
the marginals ommute with eah other, and M(X × Y ) = M1(X)M2(Y ), that is, M is of the
produt form.
Assume that M : B(R2) → L(H) is an observable with, say, the rst marginal observable
M1 being the position of the objet. Then M1 and M2 ommute with eah other, and due
1
This result seems to be well-known, and part of the proof goes bak to Ludwig [22, Theorem 1.3.1℄. However,
we were unable to identify a full proof in the literature, and so we give one in the appendix
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to the maximality of the position observable Q any M2(Y ) is a funtion of Q. Therefore, M2
annot represent (any nontrivial version of) the momentum observable. Similarly, if one of
the marginal observables is the momentum observable, then the two marginal observables are
pairwisely ommutative, and the eets of the other marginal observable are funtions of the
momentum observable.
3. Position/momentum measurements
It is a basi result of the quantum theory of measurement that eah observable (sharp or
unharp) admits a realization in terms of a measurement sheme, that is, eah observable has
a measurement dilation [26℄. In partiular, this is true for the position and momentum ob-
servables Q and P. However, due to the ontinuity of these observables they do not admit
any repeatable measurements [26, 23℄. In fat, the known realisti models for position and
momentum measurements serve only as their approximative measurements whih onstitute
Q and P -measurements only in some appropriate limits. Here we onsider two suh models,
the standard von Neumann model and the optial version of a Q, resp. P, -measurement in
terms of a balaned homodyne detetion. Before entering these models we briey reall the
notion of intrinsi noise of an observable and the orresponding haraterization of noiseless
measurements.
For an observable E : B(R) → L(H) the kth moment operator is the (weakly dened)
symmetri operator E[k] =
∫
R
xk dE with its natural (maximal) domainD(E[k]). In partiular,
the number 〈ψ|E[k]ψ〉 = ∫
R
xk dpEψ is the k
th
moment of the probability measure pEψ . The
(intrinsi) noise of E is dened as N(E) = E[2] − E[1]2, and it is known to be positive, that
is, 〈ϕ|N(E)ϕ〉 ≥ 0 for all ϕ ∈ D(E[2]) ∩ D(E[1]2). If the rst moment operator E[1] of E is
selfadjoint, then E is sharp exatly when E is noiseless, that is, N(E) = 0 [16℄.2 We reall also
that the rst moment operator E[1] of an observable alone is never suient to determine the
atual observable. In statistial terms, the rst moment information (expetation) 〈ψ|E[1]ψ〉,
ψ ∈ H1, does not sue to determine the measured observable E.
3.1. The von Neumann model. Consider the von Neumann model of a position measure-
ment of an objet onned to move in one spatial dimension [30, Set. VI.3℄, see also e.g. [5,
Set. II.3.4℄. Let H = L2(R) be the Hilbert spae of the objet system, and let Q denote its
position operator. We let Q denote the spetral measure of Q. To measure Q we ouple it with
the momentum P0 of the probe system, with the Hilbert spae K = L2(R), and we monitor the
shifts in probe's position Q0, with the spetral measure Q0. Let U = e
−iλQ⊗P0
be the unitary
measurement oupling, with a oupling onstant λ > 0, φ ∈ K, ‖ φ ‖= 1, the initial probe
state, and let Vφ : H → H ⊗K denote the embedding Vφ(ϕ) = ϕ⊗ φ. The atually measured
observable of the objet system is then given by measurement dilation formula
E(X) = V ∗φU
∗I ⊗ Q0(X)UVφ, X ∈ B(R).
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The selfadjointness of the rst moment operator is ruial for this ondition. Indeed, if, for instane, one
restrits the spetral measure of the momentum observable P in L2(R) by a projetion Q(I), I = [a, b], to get
a POM P˜ : Y 7→ Q(I)P(Y )Q(I)|L2(I) ating on L2(I), one has P˜[k] = P˜[1]k for all k, and thus also N(P˜) = 0,
though the rst moment P˜[1] is only a densely dened symmetri operator [8℄. This is also an example of the
variane free observables as disussed in [32℄. A noiseless observable is variane free, but due to the domain
onditions the reverse impliation may not be true.
3
A diret omputation shows that E is an unsharp position, with the eets
(1) E(X) = (χX ∗ f)(Q),
where χX ∗ f denotes the onvolution of the harateristi funtion χX of the set X ∈ B(R)
with the probability density f(x) = λ|φ(−λx)|2.
3.1.1. Limiting observable. The atually measured observable E depends on two parameters:
the oupling onstant λ and the initial probe state φ, that is, E = Eλ,φ. The struture of
the eets (1) suggests that the semispetral measure E omes lose to the spetral measure
Q whenever the onvolution χX ∗ f omes lose to χX . This evident fat an be quantied in
various ways.
Due to the onvolution struture of E, the geometri distane between the observables E
and Q an easily be omputed [33℄, and one nds that
d(E,Q) =
1
λ
∫
|x||φ(x)|2dx,
showing that whenever the integral is nite, the geometri distane tends to zero as λ inreases,
or |φ(x)|2 beomes more sharply onentrated around the origin. It follows from the denition
of the geometri distane, that d(E,Q) = 0 implies E = Q. However, this does not settle the
question of the limit E → Q in either of the two possible intuitive meanings. For that we use
the method of moments.
In order to be able to determine the moment operators of the unsharp position observable E,
we assume that φ ∈ C∞↓ (R), so that, in partiular φ ∈ D(Qk0) for eah k ∈ N. In that ase the
moment operators E[k] an all be omputed,3 and they turn out to be polynomials of degree k
of Q, that is, D(E[k]) = D(Qk), and
(2) E[k] =
k∑
i=0
(
k
i
)
λ−i〈φ|Qi0φ〉Qk−i.
Therefore, in partiular, on D(E[2]) = D(Q2), one has N(E) = 1
λ2
Var (Q0, φ)I, suggesting,
again, that, for a xed φ, if λ is large, then the noise N(E) is small, or, for a xed λ, if
Var (Q0, φ) is small, then, again, N(E) would be small. But, again, the preise meaning of the
limit E → Q in either of the ases λ→∞ or Var (Q0, φ)→ 0 waits to be qualied.
Consider rst the limit λ → ∞, so that, the operator measures are atually Eλ, with the
moment operators Eλ[k] of (2). Let D be the linear hull of the Hermite funtions, so that
D ⊂ D(Qk) = D(Eλ[k]) for all k (and for all λ), and
(3) lim
λ→∞
〈ψ|Eλ[k]ψ〉 = 〈ψ|Qkψ〉
for all ψ ∈ D and k ∈ N. Due to the exponential boundedness of the Hermite funtions, the
moments 〈ψ|Qkψ〉, k ∈ N, of the probability measure pQψ determine it uniquely [9℄. Sine D is
a dense subspae, the probability measures pQψ , ψ ∈ D, determine, by polarization, the spetral
measure Q of Q. To onlude that on the basis of the statistial data (3), the observable Eλ
would onverge to Q, one needs to know that also Eλ is determined by its moment operators
Eλ[k], k ∈ N, on D. Again, for all ψ ∈ D, the probability measures pEλψ are exponentially
3
Some of the tehnial details behinds these omputations have been studied in [17℄.
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bounded, so that eah pE
λ
ψ is determined by its moments p
Eλ
ψ [k] = 〈ψ|Eλ[k]ψ〉, k ∈ N. Hene,
by polarization, Eλ is determined by the numbers 〈ψ|Eλ[k]ψ〉, k ∈ N, ψ ∈ D.
Let now λn, n ∈ N, be an inreasing sequene of the oupling onstants, with λn →∞, and
let (En)n∈N be the sequene of the semispetral measures Eλn. The above results show that Q
is the moment limit of the sequene (En)n∈N on D, that is, we may write
(4) lim
n→∞
En = Q
(on D in the sense of moment operators), for further tehnial details, see [14℄). We remark
that in this ase also the eets En(X) tend weakly to the projetions Q(X) for all X ∈ B(R)
whose boundaries X ∩X ′ are of Lebesgue measure zero, [14℄.
The orresponding limits for the ase Var (Q0, φ) → 0 an similarly been worked out, for
instane, if φ is hosen to be the Gaussian state φn(x) =
(
n
pi
)1/4
e−nx
2/2
, and one onsiders the
limit n→∞.
3.1.2. Indiretly measured observable. In addition to obtaining the limit (4), formula (2) an
also be solved diretly for the numbers 〈ψ|Qkψ〉, ψ ∈ D,∈ N. Indeed, one may write reursively
(5) 〈ψ|Qkψ〉 = 〈ψ|E[k]ψ〉 −
k∑
i=1
(
k
i
)
λ−i〈φ|Qi0φ〉〈ψ|Qk−iψ〉, k ∈ N.
These numbers are the moments of the probability distributions ρQ for ρ = |ψ〉〈ψ|. Due
to the exponential boundedness of these distributions they are uniquely determined by their
moments 〈ψ|Qkψ〉, k ∈ N, and by the density of D, the polarization identity then implies that
this statistis is suient to determine also the position observable Q. Though the atually
measured observable in this model is the unsharp position Eλ,φ, the measurement statistis
allows one to determine also diretly, without any limit onsiderations, the `unobserved' sharp
position Q. In Set. 6 we disuss still another method to obtain the position distribution ρQ,
ρ = |ψ〉〈ψ|, from the atually measured distribution f ∗ ρQ by inverting the onvolution.
3.2. The balaned homodyne detetion observable. The balaned homodyne detetion
sheme is a basi measurement sheme in many quantum optial appliations, inluding ontin-
uous variable quantum tomography as well as ontinuous variable quantum teleportation. Suh
a measurement sheme determines an observable Ez whih depends on the oherent state |z〉,
z ∈ C, of the auxiliary eld. An important property of these observables is that on the level of
statistial expetation values they agree with the quadrature observables Qθ =
1√
2
(e−iθa+eiθa∗),
z = reiθ, of the relevant eld mode, with the annihilation operator a. The expliit struture of
these observables Ez has been studied in great detail and, in partiular, their moment operators
are determined [14℄.
To express the relevant results here, we let D(a) stand for the domain of the annihila-
tion operator (whih, in terms of the xed number basis {|n〉}n∈N ⊂ H, is D(a) = {ϕ ∈
H | ∑n∈N n |〈n|ϕ〉|2 < ∞}), and N = a∗a is the orresponding (selfadjoint) number operator.
The rst and the seond moment operators of suh a balaned homodyne detetion observable
Ez, z = reiθ, are known to be as follows:
Ez[1]|D(a) = Qθ|D(a),
Ez[2]|D(a2) = (Qθ|D(a))2 + 1
2
r−2N.
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Here e.g. Ez[k]|D(ak) denotes the restrition of the kth moment operator Ez[k] of Ez to the
domain D(ak), k = 1, 2. By denition, the noise operator N(Ez) has the domain D(N(Ez)) =
D(E[2]) ∩ D(E[1]2), whih inludes the set D(N) = D(a2) beause of the above operator
relations. Hene,
1
2
r−2N ⊂ N(Ez). But N(Ez) is symmetri and N selfadjoint, so that
N(Ez) = 1
2
r−2N . This would again suggests that in the limit r = |z| → ∞, the intrinsi
noise N(Ez) goes to zero and thus the measured observable would approah the quadrature
observable Qθ. Like in the previous ase, Set. 3.1, this limit requires further onsiderations.
Atually, the restritions of all the moment operator Ez[k] on the domains D(ak), k ∈ N,
an be determined, and they are of the form
(6) Ez[k]|D(ak) = (Qθ|D(ak))k +
1
r2
Ck(r, θ),
where Ck(r, θ) =
∑
n,mn+m≤k
ckn,m(r, θ)(a
∗)nam, and eah ckn,m is a bounded omplex funtion on
[1,∞)× [0, 2pi) [14℄. Let Dcoh = lin{|w〉 |w ∈ C}, so that Dcoh is a dense subspae ontained in
all D(ak), k ∈ N. For eah unit vetor ψ ∈ Dcoh, the probability measure pEzψ is exponentially
bounded so that it is determined by its moment sequene 〈ψ|Ez[k]ψ〉, k ∈ N. Sine Dcoh is
dense, these probability measures dene again the whole operator measure Ez [14℄.
Let now (rn) be a sequene of positive numbers onverging to innity. For this hoie, let
zn(θ) = rne
iθ
, where the phase θ ∈ [0, 2pi) is also xed, and let En be the orresponding balaned
homodyne detetion observable. By the above results it now follows that the spetral measure
Qθ is the only moment limit of the sequene of observables (E
n). Moreover, for any unit vetor
ψ, limn→∞ pE
n
ψ (X) = p
Qθ
ψ (X) for all X ∈ B(R) whose boundary X ∩X ′ is of Lebesgue measure
zero [14℄. In this sense one an say that the high amplitude limit of the balaned homodyne
detetion sheme serves as an experimental implementation of a quadrature observable.
Again, one may solve the statistial moments 〈ψ |Qkθψ〉 from (6) for all ψ ∈ D(ak). However,
in this ase they are not diretly expressible in terms of atually measured moments 〈ψ |Ez[k]ψ〉.
The high amplitude limit is needed for that end.
To lose this setion we mention that in a reent paper Man'ko et al [24℄ has proposed
to use the rst and seond moments of the measurement statistis of the (limiting) balaned
homodyne detetion observables assoiated with the phases θ, θ + pi
2
, θ + pi
4
, to empirially test
the unertainty relations for the onjugate quadratures (assoiated with θ, θ + pi
2
). Clearly, for
any ψ ∈ D(a2), with the hoie θ = 0 and notations Q0 = Q,Qpi
2
= P ,
Varψ(E
r)Varψ(E
ir) =
(〈Er[2]〉 − 〈Er[1]〉2) (〈Eir[2]〉 − 〈Eir[1]〉2)
=
(〈Q2〉+ 1
2
r−2〈N〉 − 〈Q〉2) (〈P 2〉+ 1
2
r−2〈N〉 − 〈P 〉2)
=
(
Varψ(Q) +
1
2
r−2〈N〉) (Varψ(P ) + 12 r−2〈N〉) ≥ 14 ,
whih allows one to test the statistis in this respet for any |z| = r. The marginal statistis
of the limiting eight-port homodyne detetion observables of Setion 4.3 leads to a similar
inequality, exept with the lower bound 1. We wish to point out that the test proposed in [24℄
is atually an experimental hek for the orretness of the quantum mehanial desription of
balaned homodyne detetion, sine any violation of the above inequality would suggest that
the desription is inorret.
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4. Combining position and momentum measurements
We shall go on to ombine the above measurement shemes to produe sequential and joint
measurements for position and momentum. We onsider rst the sequential appliation of a
standard position measurement with any momentum measurement. Setions 4.2 and 4.3 deal
with the Arthurs-Kelly model and the eight-port homodyne detetion sheme.
4.1. Sequential ombination. Consider an approximate position measurement, desribed by
the von Neumann model, followed by a sharp momentum measurement. This denes a unique
sequential joint observable, a ovariant phase spae observable Gλ,φ : B(R2)→ L(H), with the
marginals
Gλ,φ1 (X) = (χX ∗ e)(Q),
Gλ,φ2 (Y ) = (χY ∗ f)(P ).
Here we have the probability densities e(q) = λ|φ(−λq)|2 and f(p) = 1
λ
|φˆ(− p
λ
)|2, where φ ∈ H,
‖φ‖ = 1, is the initial probe state, and φˆ denotes the Fourier transform of φ. If φ ∈ C∞↓ (R), we
have φ ∈ D(Qk0) ∩D(P k0 ) for eah k ∈ N, in whih ase the moment operators of the marginal
observables are
Gλ,φ1 [k] =
k∑
i=0
(
k
i
)
λ−i〈φ|Qi0φ〉Qk−i,(7)
Gλ,φ2 [k] =
k∑
i=0
(
k
i
)
λi〈φ|P i0φ〉P k−i.(8)
As shown before, we have
lim
λ→∞
〈ψ|Gλ,φ1 [k]ψ〉 = 〈ψ|Qkψ〉
for all ψ ∈ C∞↓ (R). In the ase of the seond marginal we see that for any ψ ∈ C∞↓ (R) there are
values of k ∈ N for whih 〈ψ|Gλ,φ2 [k]ψ〉 tends to innity as λ inreases. For example, the limit
of the seond moment is never nite sine 〈φ|P 20φ〉 is always non-zero. That is, the limits of the
moments of the probability measure X 7→ 〈ψ|Gλ,φ2 (X)ψ〉 = 〈ψ|Gλ,φ(R×X)ψ〉 are not moments
of any determinate probability measure, and hene they do not determine any observable.
Another way to look at the limits of the marginal observables is to hoose a sequene of
initial probe states (φn)n∈N ⊂ L2(R), suh that |φn|2 approahes the delta distribution as n
inreases. For example, hoose the Gaussian states
φn(x) =
(n
pi
)1/4
e−n
x2
2 ,
in whih ase the expliit forms of the moment operators Gλ,n1 [k] and G
λ,n
2 [k] an easily be
omputed:
Gλ,n1 [k] =
k∑
i=0, i even
(
k
i
)
λ−i√
nipi
Γ
(
i+ 1
2
)
Qk−i,(9)
Gλ,n2 [k] =
k∑
i=0, i even
(
k
i
)
λi
√
ni
pi
Γ
(
i+ 1
2
)
P k−i,(10)
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where Γ denotes the gamma funtion. Taking the limit n→∞ one gets a result similar to the
one onsidered before (λ→∞).
As expeted, the limit proedures annot give both the Q and P -distributions, but as it is
obvious from (7-8) and (9-10) the method of moments an again be used. We return to that in
Set. 5.
Again, the onvolution struture allows one to easily ompute the distanes between the
marginals and the sharp position and momentum observables. One nds that
d(Gλ,φ1 ,Q) =
1
λ
∫
|x||φ(x)|2dx,
d(Gλ,φ2 ,P) = λ
∫
|x||φˆ(x)|2dx,
showing, that the produt of the distanes does not depend on λ. Sine the distanes are Fourier-
related, their produt has a positive lower bound, that is, infφ∈H1 d(G
λ,φ
1 ,Q) · d(Gλ,φ2 ,P) > 0.
For example, in the ase of the Gaussian initial states φn one has d(G
λ,n
1 ,Q) · d(Gλ,n2 ,P) = 1pi for
all n ∈ N.
4.2. Arthurs-Kelly model. The Arthurs-Kelly model [2℄ as developed further by Bush [4℄
(see also [28, 29℄) is based on the von Neumann model of an approximate measurement. It
onsists of standard position and momentum measurements performed simultaneously on the
objet system. Consider a measuring apparatus onsisting of two probe systems, with assoiated
Hilbert spaes H1 and H2. Let φ1 ⊗ φ2 ∈ H1 ⊗ H2 be the initial state of the apparatus. The
apparatus is oupled to the objet system, originally in the state ϕ ∈ H, by means of the
oupling
(11) U = e−iλQ⊗P1⊗I2eiµP⊗I1⊗Q2,
whih hanges the initial state of the objet-apparatus system Ψ0 = ψ⊗φ1⊗φ2 into Ψ = UΨ0.
The nal state Ψ has the position representation
Ψ(x, y, z) = ψ(x+ µz)φ1(y − λx)φ2(z).
Notie, that the oupling (11) is a slightly simplied version of the one used by Arthurs and
Kelly. However, it does not hange any of our onlusions.
The measured ovariant phase spae observable G is determined from the ondition
〈ψ|G(X × Y )ψ〉 = 〈Ψ|I ⊗ Q(λX)⊗ P(µY )Ψ〉,
for all X, Y ∈ B(R), and the marginal observables G1 and G2 turn out to be
G1(X) = (χX ∗ (e0 ∗ |φ(µ)2 |2))(Q),(12)
G2(Y ) = (χY ∗ (f0 ∗ |φˆ(λ)1 |2))(P ),(13)
where e0 and f0 are the probability distributions related to the original single measurements,
i.e. e0(q) = λ|φ1(−λq)|2 and f0(p) = µ|φˆ2(−µp)|2, and we have used the saled funtions
φ
(λ)
1 (q) =
√
λφ1(λq) and φ
(µ)
2 (p) =
1√
µ
φ2(
p
µ
) . If we hoose the initial state of the apparatus to
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Figure 1. The eight-port homodyne detetor
be suh that φ1, φ2 ∈ C∞↓ (R), the moment operators an be omputed:
G1[k] =
k∑
n=0
n∑
i=0
(
k
n
)(
n
i
)
λ−(n−i)(−µ)i〈φ1|Qn−i1 φ1〉〈φ2|Qi2φ2〉Qk−n,(14)
G2[k] =
k∑
n=0
n∑
i=0
(
k
n
)(
n
i
)
µ−(n−i)(−λ)i〈φ2|P n−i2 φ2〉〈φ1|P i1φ1〉P k−n.(15)
It is lear from equations (12 -13), that the Q- and P-distributions annot be simultaneously
obtained as limits of the marginals, sine the distributions e0 ∗ |φ(µ)2 |2 and f0 ∗ |φˆ(λ)1 |2 annot
both be arbitrarily sharply onentrated. However, equations (14-15) show that the method of
moments an be used.
4.3. Eight-port homodyne detetor. The eight-port homodyne detetor [20, 21℄ onsists of
the setup shown in Figure 1. The detetor involves four modes and the assoiated Hilbert spaes
will be denoted by H1, H2, H3 and H4. Mode 1 orresponds to the signal eld, the input state
for mode 2 serves as a parameter whih determines the observable to be measured, and mode
4 is the referene beam in a oherent state. The input for mode 3 is left empty, orresponding
to the vauum state. We x a photon number basis {|n〉|n ∈ N} for eah Hj , so that the
annihilation operators aj, as well as the quadratures Qj =
1√
2
(a∗j + aj), Pj =
i√
2
(a∗j − aj), and
the photon number operators Nj = a
∗
jaj are dened for eah mode j = 1, 2, 3, 4.
The photon detetors Dj are onsidered to be ideal, so that eah detetor measures the sharp
photon number Nj . The phase shifter is represented by the unitary operator e
iξN4
, where ξ is
the shift. There are four 50-50-beam splitters B12, B43, U13, U24, eah of whih is dened by
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its ating in the oordinate representation:
(16) L2(R2) ∋ Ψ 7→ ((xi, xj) 7→ Ψ( 1√
2
(xi + xj),
1√
2
(−xi + xj))
) ∈ L2(R2).
In the piture, the dashed line in eah beam splitter indiates the input port of the "primary
mode", i.e. the mode assoiated with the rst omponent of the tensor produt L2(R)⊗L2(R) ≃
L2(R2) in the desription of equation (16). The beam splitters are indexed so that the rst
index indiates the primary mode.
Let |√2z〉 be the oherent input state for mode 4. We detet the saled number dierenes
1
|z|N
−
13 and
1
|z|N
−
24, where N
−
ij = Ii ⊗Nj −Ni ⊗ Ij, so that the joint detetion statistis are
desribed by the unique spetral measure extending the set funtion
(X, Y ) 7→ P |z|−1N−13(X)⊗ P |z|−1N−24(Y ) = D1(X)⊗ D2(Y ),
where the operator ats on the entire four-mode eld.
Let ρ = |ψ〉〈ψ| and σ be the input states for mode 1 and 2, respetively. Then the state of
the four-mode eld after the ombination of the beam splitters and the phase shiter is
Wρ,σ,z,ξ = U13 ⊗ U24
(
B12(ρ⊗ σ)B∗12 ⊗ |z〉〈z| ⊗ |zeiξ〉〈zeiξ|
)
U∗13 ⊗ U∗24.
We regard σ, |√2z〉 and ξ as xed parameters, while ρ is the initial state of the objet system,
i.e. the signal eld. The detetion statistis then dene an observable Gz,σ,ξ : B(R2)→ L(H1)
on the signal eld via
Tr[ρGz,σ,ξ(X × Y )] = Tr[Wρ,σ,z,ξD1(X)⊗ D2(Y )].
This is the signal observable measured by the detetor.
LetGT denote the ovariant phase spae observable generated by a positive trae one operator
T , that is,
(17) GT (Z) =
1
2pi
∫
Z
WqpTW
∗
qpdqdp
for all Z ∈ B(R2), where Wqp, (q, p) ∈ R2, are the Weyl operators assoiated with the posi-
tion and momentum operators Q and P . Let C : H2 → H1 denote the onjugation map, i.e.
(Cϕ)(x) = ϕ(x) in the oordinate representation, and let (rn) be any sequene of positive num-
bers tending to innity. It was shown in [15℄ that the measured observable Grn,σ,
pi
2
approahes
with inreasing n the phase spae observable generated by CσC−1, that is,
lim
n→∞
Grn,σ,
pi
2 (Z) = GCσC
−1
(Z)
in the weak operator topology, for any Z ∈ B(R2) suh that the boudary Z ∩ Z ′ has zero
Lebesque measure.
In general, it is diult to determine the domains of the moment operators of the ovari-
ant phase spae observable GCσC
−1
. However, if the generating operator CσC−1 is suh that
Qk
√
CσC−1 and P k
√
CσC−1 are Hilbert-Shmidt operators for all k ∈ N, then aording to
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[16, Theorem 4℄ we have
GCσC
−1
1 [k] =
k∑
n=0
(
k
n
)
(−1)nTr[σQn2 ]Qk−n1 ,(18)
GCσC
−1
2 [k] =
k∑
n=0
(
k
n
)
(−1)nTr[σP n2 ]P k−n1 .(19)
5. Simultaneous measurements of Q and P
In the three dierent measurement models onsidered above, the atually measured observ-
able is a ovariant phase spae observable GT for an appropriate generating operator T . Hene,
the marginal observables GT1 and G
T
2 are onvolutions of the sharp position and momentum
observables with the Fourier related probability densities f and g dened by T , respetively.
Indeed, if T =
∑
i ti|ηi〉〈ηi| is the spetral deomposition of T , then f(q) =
∑
i ti|ηi(−q)|2 and
g(p) =
∑
i ti|ηˆi(−p)|2. Due to this struture, the moment operators of the marginal observables
GT1 and G
T
2 an be written in simple forms as polynomials of either Q or P . That is, for any
ψ ∈ H,
〈ψ|GT1 [k]ψ〉 =
k∑
i=0
sQki〈ψ|Qk−iψ〉,
〈ψ|GT2 [k]ψ〉 =
k∑
i=0
sPki〈ψ|P k−iψ〉,
where the oeents sQki and s
P
ki depend on the model in question and s
Q
k0 = s
P
k0 = 1 in eah
ase. From these, the reursion formulae for the moments of the position and momentum
distributions ρQ and ρP, with ρ = |ψ〉〈ψ|, of the objet to be measured an be omputed:
〈ψ|Qkψ〉 = 〈ψ|GT1 [k]ψ〉 −
k∑
i=1
sQki〈ψ|Qk−iψ〉,(20)
〈ψ|P kψ〉 = 〈ψ|GT2 [k]ψ〉 −
k∑
i=1
sPki〈ψ|P k−iψ〉.(21)
If ψ is hosen to be, for example, a linear ombination of Hermite funtions, the distributions
ρQ and ρP are exponentially bounded and as suh, are uniquely determined by their respetive
moment sequenes (〈ψ|Qkψ〉)k∈N and (〈ψ|P kψ〉)k∈N. In this sense one is able to measure simul-
taneously the position and momentum observables Q and P in suh a vetor state in any of the
three single measurement shemes olleting the relevant marginal information. Furthermore,
sine the linear ombinations of Hermite funtions are dense in L2(R), their assoiated distri-
butions ρQ and ρP sue to determine the whole position and momentum observables Q and
P as spetral measures.
6. Conluding remarks
We have shown with three dierent measurement models that the statistial method of
moments allows one to determine with a single measurement sheme both the position and
momentum distributions ρQ and ρP from the atually measured statistis for a large lass of
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initial states ρ. In eah ase the atually measured observable is a ovariant phase spae
observable GT whose generating operator T depends on the used measurement sheme. Suh
an observable is known to be informationally omplete if the operator T satises the ondition
Tr[WqpT ] 6= 0 for almost all (q, p) ∈ R2[1℄. Reently it has been shown that this ondition
is also neessary for the informational ompleteness of GT [18℄. Neither the used models nor
the method of moments depend on this assumption. Indeed, if, for instane T = |η〉〈η|, with a
ompatly supported η, so thatGT is informationally inomplete, the equations (20 - 21) an still
be used to determine ρQ and ρP provided that these distributions are exponentially bounded, for
instane if ρ = |ψ〉〈ψ|, with ψ in the linear hull of the Hermite funtions. If, however, the phase
spae observable GT is informationally omplete and if one is able to reonstrut the state ρ
from this informationally omplete statistis Tr[ρGT (Z)], Z ∈ B(R2), then, of ourse, one knows
the distribution of any observable, in partiular, the position and momentum distributions ρQ
and ρP. However, the reonstrution of the state from suh a statistis is typially a highly
diult task, see e.g. [27℄. In the speial ase of the generating operator T being the Gaussian
(vauum) state T = |0〉〈0|, the distribution Z 7→ Tr[ρG|0〉(Z)] is the Husimi distribution of
the state ρ. For that, a reonstrution formula is well known and simple [7℄. Indeed, writing
z = 1√
2
(q + ip), one has Wqp|0〉 = |z〉, and Tr[ρG|0〉(Z)] =
∫
Z
Qρ(z) d
2z, with Qρ(z) =
1
pi
〈z|ρ|z〉
being the Husimi Q-funtion of the state ρ. Using the polar oordinates, the matrix elements
of ρ with respet to the number basis are
ρn,n+k =
√
(n + k)!n!
(2n+ k)!
d2n+kf(0)
dr2n+k
,
where
f(r) =
1
2
er
2
∫ 2pi
0
e−ikθQρ(re
iθ)dθ.
It is to be emphasized that the reonstrution of the state requires, however, full statistis of
the observable G|0〉. The marginal information, whih is used in the method of moments, is
learly not enough to reonstrut the state even in the ase where the position and momentum
distributions are exponentially bounded. To illustrate this fat, let us onsider the funtions
ϕa,b(q) =
(
2a
pi
)1/4
e−(a+ib)q
2
, with a, b ∈ R, a > 0. The Fourier transform of ϕa,b is
ϕˆa,b(p) =
(
a
2pi(a2 + b2)
)1/4
exp
(
− ap
2
4(a2 + b2)
)
exp
(
ibp2
4(a2 + b2)
− i
2
arctan
b
a
)
,
and the position and momentum distributions are
|ϕa,b(q)|2 =
(
2a
pi
)1/2
e−2aq
2
,
|ϕˆa,b(p)|2 =
(
a
2pi(a2 + b2)
)1/2
e
− ap2
2(a2+b2) ,
whih are learly exponentially bounded. For b 6= 0, we see that ρ1 = |ϕa,b〉〈ϕa,b| and ρ2 =
|ϕa,−b〉〈ϕa,−b| are dierent states, but ρQ1 = ρQ2 and ρP1 = ρP2 . The marginal probabilities are
pG
|0〉
1
ρ1
(X) =
∫
X
(g ∗ ρQ1 )(x)dx =
∫
X
(g ∗ ρQ2 )(x)dx = pG
|0〉
1
ρ2
(X),
pG
|0〉
2
ρ1 (Y ) =
∫
Y
(g ∗ ρP1 )(y)dy =
∫
Y
(g ∗ ρP2 )(y)dy = pG
|0〉
2
ρ2 (Y ),
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for all X, Y ∈ B(R), with g(x) = 1√
pi
e−x
2
, so the marginal distributions are equal. It follows
that the state annot be uniquely determined from the marginal information only.
Sine the marginal observables GT1 and G
T
2 are of the onvolution form with densities, the
position and momentum distributions an also be obtained if one is able to invert the on-
volution. Indeed, for any initial state ρ = |ψ〉〈ψ| the marginal distributions pGT1ρ and pG
T
2
ρ
have the densities f ∗ ρQ and g ∗ ρP , where f(q) = ∑i ti|ηi(−q)|2, g(p) = ∑i ti|ηˆi(−p)|2, with
T =
∑
i ti|ηi〉〈ηi|, and ρQ = |ψ|2, ρP = |ψˆ|2. The unknown distributions ρQ and ρP an be
solved from the measured distributions f ∗ρQ and g ∗ρP by using either the Fourier inversion or
the dierential inversion method. Like the method of moments, these methods have their own
spei restritions. In fat, by the Fourier theory, one has, for instane, f̂ ∗ ρQ = √2pifˆ · ρ̂Q, so
that ρ̂Q = (2pi)−1/2f̂ ∗ ρQ/fˆ , provided that fˆ is pointwise nonzero. If f̂ ∗ ρQ/fˆ is an L1-funtion,
then the funtion
1
2pi
∫ ∞
−∞
eixtf̂ ∗ ρQ(t)/fˆ(t) dt
oinides with the distribution ρQ (almost everywhere). Obviously, this puts strong restritions
on the atually measured distribution f ∗ ρQ as well as on the `detetor' density f = f(T ).
The method of dierential inversion is known to be appliable whenever the detetor densities
f and g have nite moments [12℄. In the speial ase of T = |0〉〈0|, so that f and g are the
Gaussian
1√
pi
e−x
2
, one has
ρQ(x) =
∞∑
k=0
(−1/4)k
k!
d2k
dx2k
(f ∗ ρQ)(x),
ρP (y) =
∞∑
k=0
(−1/4)k
k!
d2k
dy2k
(g ∗ ρP )(y),
provided that the right hand sides exist [12℄, whih is a further ondition on the initial state ρ.
To onlude, the statistial method of moments provides an operationally feasible method to
measure with a single measurement sheme both the position and momentum distributions ρQ
and ρP for a large lass of initial states ρ, the relevant ondition being the exponential bound-
edness of the involved distributions. This method requires neither the state reonstrution nor
inverting onvolutions.
Appendix A. Proof of lemma 1
If P is a projetion in the range of M , then P ommutes with any eet M(Z), Z ∈ B(R2)
(see, for instane, [22, Th. 1.3.1, p. 91℄). Therefore, the marginals M1 and M2 are mutually
ommutative, i.e. M1(X)M2(Y ) = M2(Y )M1(X) for all X, Y ∈ B(R), and the map (X, Y ) 7→
M1(X)M2(Y ) is a positive operator bimeasure, and extends uniquely to a semispetral measure
G : B(R2)→ L(H), with G(X × Y ) = M1(X)M2(Y ) for all X, Y ∈ B(R) (see, e.g. , Theorem
1.10, p. 24, of [3℄). Let X, Y ∈ B(R). Sine M1(X) and M2(Y ) ommute and one of them is a
projetion, we have G(X × Y ) = M1(X)M2(Y ) =M1(X)∧M2(Y ), the greates lower bound of
M1(X) and M2(Y ), [25, Corollary 2.3℄. Sine also M(X × Y ) is a lower bound for M1(X) and
M2(Y ), we obtainM(X×Y ) ≤ G(X×Y ). It follows thatM(Z) ≤ G(Z) for any Z ∈ F , where
F is the algebra of all nite unions of mutually disjoint sets of the form X × Y , X, Y ∈ B(R).
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Denote M = {Z ∈ B(R2) | M(Z) ≤ G(Z)}. Now M is a monotone lass. [If (Bn) is an
inreasing sequene of sets of M, then for any ϕ ∈ H, we have
〈ϕ|M(∪nBn)ϕ〉 − 〈ϕ|G(∪nBn)ϕ〉 = lim
n
(〈ϕ|M(Bn)ϕ〉 − 〈ϕ|G(Bn)ϕ〉) ≤ 0
beause e.g. Z 7→ 〈ϕ|M(Z)ϕ〉 is a positive measure. This shows that ∪nBn ∈M. Similarly, we
verify the orresponding statement involving dereasing sequenes, and thereby onlude that
M is a monotone lass.℄ Sine F ⊂ M, and F is an algebra whih generates the σ-algebra
B(R2), it follows from the monotone lass theorem that M(Z) ≤ G(Z) for all Z ∈ B(R2). Let
Z ∈ B(R2), and let ϕ ∈ H be any unit vetor. Sine Mϕ,ϕ and Gϕ,ϕ are probability measures,
we get
1−Mϕ,ϕ(Z) =Mϕ,ϕ(R2 \ Z) ≤ Gϕ,ϕ(R2 \ Z) = 1−Gϕ,ϕ(Z),
implying that 〈ϕ|G(Z)ϕ〉 ≤ 〈ϕ|M(Z)ϕ〉. Sine ϕ was arbitrary, this implies G(Z) ≤ M(Z).
The proof is omplete.

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